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Abstract
We improve the sphaleron decoupling condition in the real singlet-extended standard model
(SM). The sphaleron energy is obtained using the finite-temperature one-loop effective potential
with daisy resummation. For moderate values of the model parameters, the sphaleron decoupling
condition is found to be vC/TC > (1.1−1.2), where TC denotes a critical temperature and vC is the
corresponding vacuum expectation value of the doublet Higgs field at TC . We also investigate the
deviation of the triple Higgs boson coupling from its standard model value in the region where the
improved sphaleron decoupling condition is satisfied. As a result of the improvement, the deviation
of the triple Higgs boson coupling gets more enhanced. In a typical case, if the Higgs couplings
to the gauge bosons/fermions deviate from the SM values by about 3 (10)%, the deviation of the
triple Higgs boson coupling can be as large as about 16 (50)%, which is about 4 (8)% larger than
that based on the conventional criterion vC/TC > 1.
∗ fuyuto@th.phys.nagoya-u.ac.jp
† senaha@eken.phys.nagoya-u.ac.jp
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I. INTRODUCTION
Obtaining full knowledge of the Higgs sector is one of the primary goals in collider physics.
Since the discovery of the Higgs boson at the Large Hadron Collider (LHC) in 2012 [1, 2],
much attention has been paid to the question of whether the Higgs sector is exactly the same
as the one predicted by the standard model (SM). Since many new physics models predict
an augmented Higgs sector, we may see a new physics signal in precision measurements of
the Higgs coupling constants, such as the Higgs couplings to the weak bosons, fermions, and
self couplings.
One of the motivations for new physics is the baryon asymmetry of the Universe (BAU).
The baryon-to-photon ratio is determined by the cosmic microwave background (CMB) and
big bang nucleosynthesis (BBN) [3]:
ηCMB =
nB
nγ
= (6.23± 0.17)× 10−10, (1)
ηBBN =
nB
nγ
= (5.1− 6.5)× 10−10, (95% C.L.). (2)
To explain the observed value, the so-called Sakharov criteria [4] are needed, i.e., (i) baryon
number (B) violation, (ii) both C and CP violation, and (iii) the departure from thermal
equilibrium. It is well known that the last condition in the Sakharov criteria, which can be
realized if the electroweak phase transition (EWPT) is first order, is not satisfied for the
observed Higgs boson mass, 126 GeV. Lattice calculations show that the EWPT in the SM
is a smooth crossover [5]. In addition to the above problem, CP violation that comes from
the Cabibbo-Kobayashi-Maskawa matrix [6, 7] is not large enough to generate the sufficient
BAU [8].
Although many working mechanisms for generating the BAU exist in the literature, elec-
troweak baryogenesis (EWBG) [9] is one of the most testable scenarios since the relevant
energy scale is within our reach, i.e., O(100) GeV. It is expected that ongoing and upcom-
ing experiments on the Higgs sector and CP violation — such as electric dipole moments
(EDMs) of the neutron, atoms and molecules — can entirely verify or falsify the EWBG
hypothesis. Indeed, EWBG in the minimal supersymmetric standard model (MSSM) is un-
likely in light of the LHC data, especially the Higgs signal strengths [10]. On the other hand,
EWBG in other models is not so severely constrained by the current LHC data. In any case,
to get a definitive conclusion, theoretical uncertainties have to be minimized. In particular,
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the improvement of the sphaleron decoupling condition is indispensable. Conventionally,
the following rough criterion is frequently used:
vC
TC
>∼ 1, (3)
where TC is a critical temperature and vC is the corresponding Higgs vacuum expectation
value (VEV) at TC . Note that the right-hand side also inherently depends on the tem-
perature. To evaluate the right-hand side more precisely, the sphaleron profile and the
nucleation temperature (TN) have to be determined. In Ref. [11], the sphaleron energy and
zero-mode factors of the fluctuations around the sphaleron were evaluated at TN using the
finite-temperature one-loop effective potential in the MSSM. It was found that the sphaleron
decoupling condition is vN/TN >∼ 1.4. Therefore, the conventional criterion leads to about
40% overestimated results regarding the successful EWBG region. As demonstrated in
Ref. [11], the viability of EWBG in the MSSM was already in jeopardy due to the refined
sphaleron decoupling condition, independent of the recent LHC data.
In this paper, we improve the sphaleron decoupling condition and revisit the region where
the EWPT is strongly first order in the real singlet-extended SM (rSM). Earlier related work
on this subject can be found in Refs. [12–17]. To evaluate the sphaleron decoupling condition,
we calculate the sphaleron energy using the finite-temperature one-loop effective potential
with daisy resummation. We first examine the dependencies of the second Higgs mass and
the mixing angle between the two Higgs bosons on the sphaleron energy without including
the temperature effects, and then scrutinize the temperature effects. With the same effective
potential, we compute vC/TC and search for a parameter space that satisfies the improved
sphaleron decoupling condition.
We also study relationships between the strength of the strong first-order EWPT and the
deviations of the Higgs coupling constants from the SM values. It is known that in the region
where the strong first-order EWPT is driven, a significant deviation of the triple Higgs boson
coupling from the SM prediction can arise in the two-Higgs-doublet model [18]. In Ref. [18],
it was shown that the deviation can be greater than 10−20% depending on the magnitude
of the Z2 breaking mass parameter. The degree to which the deviation can occur actually
depends on the sphaleron decoupling condition. For instance, if the sphaleron decoupling
condition gets more severe, the corresponding deviation of the triple Higgs boson coupling
can be more enhanced. In the analysis of Ref. [18], the conventional criterion vC/TC > 1
3
was used. In this article, however, we study the deviation of the triple Higgs boson coupling
based on the improved sphaleron decoupling condition.
The paper is organized as follows. In Sec. II, we introduce the model and discuss the
vacuum structure of this model. In Sec. III, we present standard formulas for studying the
EWPT and classify the patterns of the EWPT. The sphaleron decoupling condition is given
in Sec. IV. Subsequently, a typical example is given in order to see the magnitude of the
sphaleron energy in this model. Our main results are presented in Sec. V, and Sec. VI is
devoted to conclusions and discussion.
II. THE MODEL
We consider a minimal extension of the SM that includes a gauge singlet real scalar S.
The most general renormalizable scalar potential is given by
V0 =− µ2HH†H + λH(H†H)2
+ µHSH
†HS +
λHS
2
H†HS2
+ µ3SS +
m2S
2
S2 +
µ′S
3
S3 +
λS
4
S4, (4)
where H is the SU(2) doublet Higgs field. After two scalar fields H and S get VEVs (v and
vS), they are cast into the form
H(x) =

 G+(x)
1√
2
(
v + h(x) + iG0(x)
)

 , S(x) = vS + s(x). (5)
The minimization (tadpole) conditions of the scalar potential can be written as
µ2H = λHv
2 + µHSvS +
λHS
2
v2S,
m2S = −
µ3S
vS
− µ′SvS − λSv2S −
µHS
2
v2
vS
− λHS
2
v2. (6)
The mass matrix of h and s (denoted asM2H) has a two-by-two form. The mass eigenvalues
(m2H1,H2) are obtained by diagonalizing M2H with an orthogonal matrix O(α),
M2H =

(MH)211 (MH)212
(MH)221 (MH)222

 =

cosα − sinα
sinα cosα



m2H1 0
0 m2H2



 cosα sinα
− sinα cosα

 , (7)
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FIG. 1. The shape of the tree-level potential V0(ϕH , ϕS) and V
Z2
0 (ϕH , ϕS) as functions of ϕH and
ϕS in left and right figures, respectively. In the left (right) figure, we takemH1 = 125.5 GeV,mH2 =
150 (500) GeV, vS = 100 (200) GeV, α = 0
◦ (38◦), µ′S = −30 (0) GeV, and µHS = −80 (0) GeV.
where the value of α is defined in the range −pi/4 ≤ α ≤ pi/4, and each mass matrix element
is given, respectively, by
(MH)211 = 2λHv2,
(MH)212 = µHSv + λHSvvS,
(MH)222 = −
µ3S
vS
+ µ′SvS + 2λSv
2
S −
µHS
2
v2
vS
, (8)
where we used the tadpole conditions (6).
The tree-level effective potential takes the form
V0(ϕH , ϕS) =
λH
4
(ϕ4H − 2v2Hϕ2H) +
µHS
2
(
ϕ2HϕS − ϕ2HvS −
v2Hϕ
2
S
2vS
)
+
λHS
4
(ϕ2Hϕ
2
S − ϕ2Hv2S − v2Hϕ2S) + µ3S
(
ϕS − ϕ
2
S
2vS
)
+
µ′S
3
(
ϕ3S −
3
2
vSϕ
2
S
)
+
λS
4
(ϕ4S − 2v2Sϕ2S), (9)
where ϕ and ϕS are the constant background fields of the doublet and singlet Higgsses,
respectively. The Higgs potential has to satisfy the following conditions to be bounded from
below:
λH > 0, λS > 0, 4λHλS > λ
2
HS, (10)
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where the last condition is needed if λHS < 0. If we impose a Z2 symmetry, the Higgs
potential (4) is reduced to
V Z20 =− µ2HH†H + λH(H†H)2 +
λHS
2
H†HS2 +
m2S
2
S2 +
λS
4
S4. (11)
In Fig. 1, we show representative examples of V0(ϕH , ϕS) and V
Z2
0 (ϕH , ϕS). In the left
(right) figure, we set mH1 = 125.5 GeV, mH2 = 150 (500) GeV, vS = 100 (200) GeV, α =
0◦ (38◦), µ′S = −30 (0) GeV, and µHS = −80 (0) GeV. Both Higgs potentials are symmetric
about the ϕH axis. On top of this, V
Z2
0 (ϕH , ϕS) is also symmetric about the ϕS axis because
of the Z2 symmetry. As discussed in Ref. [19], the vacuum structures at zero temperature
may provide some information about the patterns of the phase transitions. In the left Higgs
potential, there is a local minimum on the ϕS axis. As we discuss later, the phase transition
can occur twice, i.e., the transition from the origin to the local minimum along the ϕS axis,
followed by the transition from there to our vacuum as the temperature decreases. In the
right figure, on the other hand, the phase transition may proceed once, i.e., the transition
directly from the origin to our vacuum. We discuss various patterns of the phase transitions
in the next section.
At the tree level, the interactions of H1 and H2 with Z and W bosons are
LHVV = 1
v
(cosα H1 − sinα H2)
(
2m2WW
+
µ W
−µ +m2ZZµZ
µ
)
, (12)
and the interactions with quarks f are
LYukawa = −
∑
f
mf
v
(cosα H1 − sinα H2) f¯ f. (13)
We define the Higgs couplings to gauge bosons and fermions normalized to the corresponding
SM ones as
κV =
gH1V V
gSMhV V
= cosα, κF =
gH1ff
gSMhff
= cosα. (14)
Since κV and κF have the same values as in the rSM, we collectively denote them as κ in
the following.
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III. ELECTROWEAK PHASE TRANSITION
In addition to the tree-level potential (4), we include the one-loop Coleman-Weinberg
potential at zero temperature [20, 21], which is given by
V1(ϕH , ϕS) =
∑
i
ni
m¯4i (ϕH , ϕS)
64pi2
(
ln
m¯2i (ϕH , ϕS)
µ2
− ci
)
, (15)
where µ is a renormalization scale, which will be set at v. m¯i is the background field-
dependent mass, and the numerical constant ci is 3/2 (5/6) for scalars and fermions (gauge
bosons). ni are the degrees of freedom of the particle species i (= H1,2, G
0, G±,W, Z, t, b),
which are, respectively, given by
nH1 = nH2 = nG0 = 1, nG± = 2, nW = 2 · 3, nZ = 3, nt = nb = −4Nc, (16)
where Nc is the number of colors.
The finite-temperature component of the one-loop effective potential can be written as
V1(ϕH , ϕS, T ) =
∑
i
ni
T 4
2pi2
IB,F
(
m¯2i (ϕH , ϕS)
T 2
)
, (17)
where
IB,F (a
2) =
∫ ∞
0
dx x2 ln
(
1∓ e−
√
x2+a2
)
, (18)
with the upper (lower) sign for bosons (fermions). If T is high compared to mi(ϕH , ϕS),
IB,F can be expressed as [22]
IB(a
2) = −pi
4
45
+
pi2
12
a2 − pi
6
(a2)3/2 − a
4
32
ln
(
a2
αB
)
+ · · · ,
IF (a
2) =
7pi2
360
− pi
2
24
a2 − a
4
32
ln
(
a2
αF
)
+ · · · . (19)
where logαB = 2 log 4pi+3/2− 2γE and logαF = 2 log pi+3/2− 2γE. Moreover, in order to
improve the calculation of the effective potential, we include the so-called daisy contributions
[23]
Vdaisy(ϕH , ϕS, T ) = −
∑
j
nj
T
12pi
[{
M¯2j (ϕH , ϕS, T )
}3/2 − {m¯2j (ϕH , ϕS)}3/2] , (20)
where M¯2j are the thermally corrected boson masses
M¯2j (ϕH , ϕS, T ) = m¯
2
j(ϕH , ϕS) + Πj(T ), (21)
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and Πj(T ) are the finite-temperature mass functions given in Refs. [16, 23]. Although
the mass-squared values of the scalar and Nambu-Goldstone bosons can be negative, the
above daisy contributions can compensate for them at high temperature. The full effective
potential at finite temperature is given by
Veff(ϕH , ϕS, T ) = V0(ϕH , ϕS) + V1(ϕH , ϕS) + V1(ϕH , ϕS, T ) + Vdaisy(ϕH , ϕS, T ). (22)
For the first-order EWPT, the effective potential (22) needs to have two degenerate minima
at the critical temperature TC . The VEVs at TC are denoted as
vC = lim
T↑TC
v(TC), vSC = lim
T↑TC
vS(TC), v
sym
SC = lim
T↓TC
vS(TC), (23)
where the up (down) arrow indicates that T approaches TC from below (above). Since the
numerical evaluations of IB and IF are time consuming, we replace them with the fitting
functions adopted in Ref. [11]. The errors of the fitting functions are less than 10−6 for any
a2, which is sufficient for our numerical evaluations.
Here, we explain how the EWPT proceeds in the rSM. At high temperatures, SU(2)×U(1)Y
gauge symmetry is restored. However, as the temperature goes down, the symmetric phase
(SYM) is no longer the vacuum, and eventually the electroweak phase (EW) becomes the
global minimum. In general, this transition occurs thorugh multiple steps.1 The various
phases that occurs at the intermediate stage are listed in Table I. As discussed in Ref. [19],
there are four types of transitions. We show each path of the transitions in Fig. 2. In type
C, v initially has a nonzero value, and then vS starts to increase. In type A, the transition
occurs from SYM to I phase, followed by the transition I → EW with an almost constant
vS. In type B, the transition is the same as in type A but vS varies in the second transition.
In type D, SYM goes to the EW phase directly. In principle, we can consider a case in
which II phase corresponds to our vacuum. However, we do not pursue this case here for
simplicity.
IV. SPHALERON DECOUPLING CONDITION
In the EWBG mechanism, the BAU is generated through the sphaleron process in the
symmetric phase during the EWPT. In order to leave the BAU, the sphaleron process has
1 For earlier studies on the multistep EWPT, see, i.e., Ref. [24].
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Phases Order parameters
EW v = 246 GeV, vS 6= 0
SYM v = 0, vS = 0
I, I′ v = 0, vS 6= 0
II v 6= 0, vS = 0
TABLE I. Various phases in the rSM.
EW
IISYM
I
B
A
D
C
FIG. 2. The diverse patterns of the EWPT.
to be decoupled right after the EWPT, namely, the B-changing rate in the broken phase
(Γ
(b)
B ) must be less than the Hubble constant [H(T )]
Γ
(b)
B (T ) ≃ (prefactor)e−Esph(T )/T < H(T ) ≃ 1.66
√
g∗(T )T
2/mP (24)
where Esph(T ) is the sphaleron energy, g∗ counts the degrees of freedom of relativistic par-
ticles in the thermal plasma (g∗ = 107.75 in the rSM), and mP denotes the Planck mass
(1.22 × 1019 GeV). The prefactor denotes a fluctuation determinant around the sphaleron
(see, e.g., Refs. [11, 25–27]). From Eq. (24), it follows that
v(T )
T
>
g2
4piE(T )
[
42.97 + lnN − 2 ln
(
T
100 GeV
)
+ · · ·
]
≡ ζsph(T ), (25)
where we use Esph(T ) = 4piv(T )E(T )/g2, with g2 being the SU(2) gauge coupling constant.
N denotes the translational and rotational zero-mode factors of the fluctuations about the
sphaleron. Note that the dominant contribution in ζsph(T ) comes from E(T ) while the next-
to-leading term may be lnN . In the MSSM, lnN typically amounts to 10% [11]. The last
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term can become relevant if TC is significantly lower than 100 GeV. As is well known, this
can happen in the rSM. In the current investigation, we exclusively focus on the calculation
of E(T ) by using Eq.(22) and evaluate Eq.(25) without the lnN term as a first step toward
the complete analysis. It should be noticed that the EWPT starts to develop after the
nucleation of Higgs bubbles. It is thus better to evaluate Eq.(25) at such a nucleation
temperature (TN) rather than at TC . In this paper, however, we adopt v(TC)/TC > ζsph(TC)
as the sphaleron decoupling criterion for simplicity.
We closely follow the method given in Refs. [28–30] to obtain the sphaleron solution (for
earlier studies on the sphaleron solutions in the rSM, see, i.e., Ref. [31]). Since U(1)Y contri-
butions are sufficiently small [32], we employ the spherically symmetric ansatz. Specifically,
we consider the configuration space spanned by the following:
Ai(µ, r, θ, φ) = − i
g2
f(r)∂iU(µ, θ, φ)U
−1(µ, θ, φ), (26)
H(µ, r, θ, φ) =
v√
2

(1− h(r))

 0
e−iµ cosµ

+ h(r)U(µ, θ, φ)

 0
1



 , (27)
S(µ, r, θ, φ) = vSk(r), (28)
where Ai are SU(2) gauge fields, and U is defined as
U(µ, θ, φ) =

 eiµ(cosµ− i sin µ cos θ) eiφ sinµ sin θ
−e−iφ sinµ sin θ e−iµ(cosµ+ i sinµ cos θ)

 , (29)
with µ ∈ [0, pi]. U(µ, θ, φ) is noncontractible since pi3(SU(2)) ≃ Z. µ parametrizes the least-
energy path connecting the topologically different vacua. The configuration at µ = pi/2
corresponds to the sphaleron.
The energy functional in A0 = 0 is given by
E[H,S] =
∫
d3x
[
1
4
F aijF
a
ij + (DiH)
†DiH +
1
2
∂iS∂iS + Veff(H,S, T )
]
, (30)
where the tree-level potential is replaced with the one-loop corrected one in order to incor-
porate the high-order effects. For µ = pi/2, one gets
Esph[f, h, k] =
4piv
g2
∫ ∞
0
dξ
[
4
(
df
dξ
)2
+
8
ξ2
(f − f 2)2 + ξ
2
2
(
dh
dξ
)2
+ h2(1− f)2
+
ξ2
2
v2S
v2
(
dk
dξ
)2
+
ξ2
g22v
4
Veff(h, k, T )
]
,
(31)
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where ξ = g2vr. From Eq. (31), the equations of motion are found to be
d2f
dξ2
=
2
ξ2
f(1− f)(1− 2f)− 1
4
h2(1− f), (32)
d
dξ
(
ξ2
dh
dξ
)
= 2h(1− f)2 + ξ
2
g22
1
v4
∂Veff
∂h
, (33)
d
dξ
(
ξ2
dk
dξ
)
=
ξ2
g22
1
v2v2S
∂Veff
∂k
. (34)
We solve the above equations with the following boundary conditions
lim
ξ→0
f(ξ) = 0, lim
ξ→0
h(ξ) = 0, lim
ξ→0
k′(ξ) = 0, (35)
lim
ξ→∞
f(ξ) = 1, lim
ξ→∞
h(ξ) = 1, lim
ξ→∞
k(ξ) = 1. (36)
Before going into the detailed analysis of the EWPT and the sphaleron decoupling con-
dition, we demonstrate how E depends on model parameters. At this point, we use the
zero-temperature one-loop effective potential to extract the non-temperature dependence,
and the full analysis is performed in Sec. V.
In the left panel of Fig. 3, E is shown as a function of α. We take mH1 = 125.5 GeV,
mH2 = 500 GeV, vS = 200 GeV and µS = µ
′
S = µHS = 0 GeV as an example. We can see
that E gets larger as α increases. It rises about 5% from α = 0◦ to α ≃ 45◦. To understand
this behavior, we also show λH , λS and λHS in the right panel of Fig. 3. These couplings are
determined after fixing mH1,2 and α. λH has to increase according to the rise of α to keep
the value of mH1 fixed. On the other hand, λS behaves oppositely, as it should. We can
see that the increment of E is due to the enhancement of λH . This correlation has already
been shown within the SM [29], and the same behavior is observed in the rSM. We also
find a mild dependence of mH2 on E(0), which is again essentially because of the increase or
decrease of λH .
V. NUMERICAL ANALYSIS
In this section, we perform the numerical analysis. In the rSM, there are eight parameters
in the tree-level potential:
µ2H , m
2
S , µS, µ
′
S, µHS, λH , λHS, λS. (37)
11
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FIG. 3. The sphaleron energy (left panel) and λH,S,HS (right panel) are plotted as a function of
α. We set mH1 = 125.5 GeV, mH2 = 500 GeV, vS = 200 GeV and µS = µ
′
S = µHS = 0 GeV.
In our analysis, µ2H , m
2
S, λH , λS and λHS are replaced by v, vS, mH1 , mH2 and α. This
replacement can be done by solving the following coupled equations:
1
v
〈
∂Veff
∂ϕH
〉
=
1
vS
〈
∂Veff
∂ϕS
〉
= 0, (38)
(M2H)11 −m2H1 cos2 α−m2H2 sin2 α = 0, (39)
(M2H)22 −m2H1 sin2 α−m2H2 cos2 α = 0, (40)
(M2H)12 − (m2H1 −m2H2) sinα cosα = 0. (41)
where we take mH1 = 125.5 GeV and v = 1/(2
1/4
√
GF )(≃ 246 GeV) with GF being the
Fermi coupling constant. 〈X〉 denotes that X is evaluated in the vacuum, ϕH = v and
ϕS = vS. Since the Nambu-Goldstone boson loop contributions that have to be treated with
some care are numerically unimportant, we will not take them into account in the current
investigation. Throughout our analysis, we take µS = 0.
As mentioned in the Introduction, the EWPT in the SM is not strongly first order for
the observed Higgs mass. In order to circumvent this, the Higgs potential has to be altered
by the doublet-singlet Higgs mixing terms (H-S mixing parameters : µHS and λHS). Here,
we consider the following two cases:
(i) One H-S mixing parameter [(λHS 6= 0, µHS = 0) or (λHS = 0, µHS 6= 0)],
12
(ii) Two H-S mixing parameters [λHS 6= 0, µHS 6= 0].
Without going into the detailed investigation, we can foresee that the latter case has a larger
window to the strong first-order EWPT. We conduct the analysis based on the improved
sphaleron decoupling condition.
A. One H-S mixing parameter case
Here, we consider Case (i) with λHS 6= 0 and µHS = 0.2 In Fig. 4, we show an allowed
region where the following condition is achieved in the (mH2 ,α) plane:
vC
TC
> ζsph(TC). (42)
We here take mH1 = 125.5 GeV, vS = 200 GeV, and µ
′
S = µHS = 0 GeV.
3 It is found
that only large values of α and mH2 are allowed. In addition, the sign of α needs to be
positive — and thus λHS is negative — for the first-order phase transition as discussed in
Ref. [13]. However, these large values of α and mH2 receive stringent constraints from the
EW precision tests [34, 35]. According to Ref. [36], α is less than about 23◦ for mH2 >∼ 400
GeV. Moreover, the recent LHC data indicates that the value of κ is bounded as follows
[37, 38]:
κV = 1.15
+0.08
−0.08 (ATLAS), κV = 0.81− 0.97 (CMS). (43)
Thus, it seems difficult to have the strong first-order phase transition in the spontaneously
broken Z2 model. On the other hand, there may be a viable window in the unbroken Z2
model. If we consider the II phase as the EW phase, α = 0 in such a vacuum since vS = 0. In
this case, the transition SYM→ I(I′)→ II can induce the strong first-order phase transition,
so the above experimental constraints are no longer stringent. For a recent study on such a
possibility, see, for instance, Ref. [17].
Although the successful region in the Z2 model is strongly disfavored by the LHC data
and EW precision tests, we give an example that shows how the EWPT is strengthened and
which type of the EWPT can be realized. More importantly, the typical size of ζsph(TC) in
2 A representative example with λHS = 0 and µHS 6= 0 is given in Table II.
3 We allow a small Z2-breaking term to avoid the domain wall problem [33], so what we call the Z2 model
is an approximate one.
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FIG. 4. The possible region for the strong first-order phase transition in Case (i). In this figure,
we set mH1 = 125.5 GeV, vS = 200 GeV, and µ
′
S = µHS = µS = 0 GeV.
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FIG. 5. The Higgs VEVs at TC (left panel), and vC/TC and ζsph (right panel) are presented as
functions of α in Case (i).
the rSM is epitomized by this example. An example is shown in Fig. 5, in which mH2 = 500
GeV is chosen. In the left panel, the Higgs VEVs at TC are displayed. At around α = 34
◦,
vsymSC becomes zero, so the type of the EWPT changes from B to D . It is found that the
conventional decoupling criterion vC/TC > 1 is satisfied for α >∼ 35◦. The right panel shows
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FIG. 6. The possible region for the strong first-order phase transition in Case (ii). In this figure,
we set mH1 = 125.5 GeV, vS = 90 GeV, µ
′
S = −30 GeV, µHS = −80 GeV and µS= 0 GeV.
vC/TC and ζsph(TC) in the narrowed α range. The crossing point occurs at around α = 37.2
◦,
which is somewhat stronger than the bound obtained by the conventional criterion. We also
find that for α >∼ 38◦, the EWPT is changed into type C which is weakly first order, as
expected. In summary, the EWPT in Case (i) can be strongly first order due to the sizable
α (or equivalently, due to the sizable λHS with a negative sign), and its PT property is type
D.
B. Two H-S mixing parameters case
We move on to analyze Case (ii). Figure 6 shows the possible allowed region for the
strong first-order phase transition in Case (ii). In this figure, we set mH1 = 125.5 GeV,
vS = 90 GeV, µ
′
S = −30 GeV, and µHS = −80 GeV. As you can see, Fig. 6 has larger
possible regions compared to those in the Z2 model. It is found that there is an upper limit
of mH2 if we fix α. For example, at α = −15.6◦, the successful range of mH2 is less than
about 170 GeV. Further, α is restricted to the negative region in order to realize the strong
first-order phase transition in the chosen parameter set.
We now look at the EWPT properties in Case (ii) in more detail. In the left panel
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FIG. 7. The Higgs VEVs at TC (left panel) and λH,S,HS (right panel) are shown as functions of α
in Case (ii).
of Fig. 7, the VEVs at TC are plotted in the range −25◦ ≤ α ≤ −7◦, with mH2 = 170
GeV. We can see that vC/TC becomes enhanced as α decreases. In this region, |vsymSC − vSC |
is significantly large, so the PT property is type B. Conversely, |vsymSC − vSC | gets smaller
for smaller α, and the PT is eventually reduced to type A which is weakly first order, as
explicitly shown here. In the right panel of Fig. 7, we plot λH , λS, and λHS in the same α
range. A relatively large λHS is needed to drive the EWPT to be strongly first order. Unlike
the Z2 model, the sign of λHS is not necessarily negative in this case. However, we should
note that µHS has to be negative.
Now we discuss ζsph at the above benchmark point. We first scrutinize the sphaleron
energy with and without a temperature effect. In the left panel of Fig. 8, we give E(0) and
E(TC). The slight rise of E(0) with a decreasing α is mainly due to the corresponding value
of λH which has the same rising behavior as shown in the right panel of Fig. 7. On the
other hand, E(TC) has a significant temperature dependence. It is found that E(TC) < E(0).
The simple argument is as follows. In general, at finite temperatures the energy difference
between the broken phase and the symmetric phase (v = 0 GeV) is smaller than that at zero
temperature, namely, Veff appearing in Eq. (31) gets smaller as the temperature increases.
Correspondingly, the gradient energy becomes smaller to balance the potential energy in
order for the classical solution to exist. The right panel of Fig. 8 quantitatively supports
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FIG. 8. (Left panel) E(TC) and E(0) are shown as functions of α. (Right panel) The sphaleron
profiles are plotted as functions of ξ at T = 0 GeV and T = TC , where we take α = −10◦. The
straight (dotted) lines denote f(ξ), h(ξ), and k(ξ) at T = TC(0) GeV.
the above argument. Here, we plot f(ξ), h(ξ), and k(ξ) at T = 0 GeV and TC , choosing
α = −10◦. The straight (dotted) lines denote f(ξ), h(ξ), and k(ξ) at T = TC(0). As can be
seen, the gradients of the doublet Higgs and the gauge field are lowered at TC . On the other
hand, the singlet Higgs does not yield a significant contribution to the gradient energy in
Eq. (31).
Now let us estimate ζsph(T ) with the sphaleron energies obtained above. The left panel
of Fig. 9 shows ζsph(TC) and ζsph(0) as a function of α. As discussed in Sec. IV, the smaller
E gives the larger ζsph. The slight rise at around α = −25◦ is due to the third term on the
right-hand side of Eq. (25). In this region, TC rapidly gets lowered and can be as small as
around 50 GeV (as shown in the left panel of Fig. 7), giving rise to some effect.
The vC/TC > ζsph(TC) region is presented in the right panel of Fig. 9. α <∼ −14.7◦ is
needed to achieve the successful sphaleron decoupling. On the other hand, α <∼ −12.9◦ is
obtained if vC/TC > 1 is used.
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FIG. 9. (Left panel) ζsph at TC and 0 are plotted as functions of α. (Right panel) vC/TC vs ζsph
in the same α range as in the left panel.
C. Triple Higgs boson coupling
We investigate a correlation between the triple Higgs boson coupling (λH1H1H1) and the
strength of the strong first-order EWPT (for a tree-level analysis in the rSM, see Ref. [39]).
To do so, we evaluate λH1H1H1 in the effective potential approach. Although the external
momentum dependence is inherently important, we do not pursue this analysis in this paper
and defer it to future work. λrSMH1H1H1 at the one-loop order is given by
4
λrSMH1H1H1 = λ
rSM,tree
H1H1H1
+ λrSM,loopH1H1H1 , (44)
where
λrSM,treeH1H1H1 = 6
[
λHvc
3
α +
µHS
2
sαc
2
α +
λHS
2
sαcα(vsα + vScα) +
(
µ′S
3
+ λSvS
)
s3α
]
, (45)
λrSM,loopH1H1H1 = c
3
α
〈
∂3V1
∂ϕ3H
〉
+ c2αsα
〈
∂3V1
∂ϕ2H∂ϕS
〉
+ cαs
2
α
〈
∂3V1
∂ϕH∂ϕ
2
S
〉
+ s3α
〈
∂3V1
∂ϕ3S
〉
, (46)
where cα = cosα and sα = sinα. It should be noted that the vacuum and Higgs boson
masses have to be renormalized at the one-loop level in order to evaluate λrSMH1H1H1 properly;
4 λH1H1H1 in the SM with two real singlets is discussed in Ref. [40].
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FIG. 10. κ and ∆λH1H1H1 in the strong first-order EWPT region. The right end point of the red
line corresponds to vC/TC ≃ 1.20 and ζsph(TC) ≃ 1.19, while vC/TC ≃ 4.59 and ζsph(TC) ≃ 1.19
at the left end point.
in our analysis, Eqs. (38) – (41) are used for this. One can easily work out λH1H1H1 in the
SM in the effective potential approach (see, e.g., Ref. [41]). In this case, λH1H1H1 has the
simple form
λSMH1H1H1 =
3m2H1
v
[
1 +
9m2H1
32pi2v2
+
∑
i=W,Z,t,b
ni
m4i
12pi2m2H1v
2
]
≃ 175.83 [GeV]. (47)
Note that the largest one-loop contribution comes from the top-quark loop and it grows
as O(m4t ). Such a nondecoupling effect can also appear in the radiative corrections to the
triple Higgs boson coupling in the two Higgs doublet model [41] and some classes of the
supersymmetric models [42].
We define the deviation of the triple Higgs boson coupling from the SM value as
∆λH1H1H1 =
λrSMH1H1H1 − λSMH1H1H1
λSMH1H1H1
. (48)
In Fig. 10, a relationship between κ and ∆λH1H1H1 is shown in the strong first-order
EWPT region. The input parameters are the same as those in Fig. 7. It is found that
κ <∼ 0.97 and ∆λH1H1H1 >∼ 17.5 %, where the lower values correspond to the case with
vC/TC ≃ 1.20 and ζsph(TC) ≃ 1.19. ∆λH1H1H1 can be as large as 48.7% at κ ≃ 0.91, where
vC/TC ≃ 4.59 and ζsph(TC) ≃ 1.19, as shown in the right panel of Fig. 9.
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FIG. 11. ∆λH1H1H1 in the (mH2 , κ) plane. The input parameters are the same as in Fig. 6.
vC/TC > ζsph(TC) is satisfied in the shaded region. For a reference, the vC/TC = 1 contour line is
also shown.
We study ∆λH1H1H1 in larger regions by varying mH2 . Our finding is presented in Fig. 11.
∆λH1H1H1 is overlaid on the same plane as in Fig. 6 but with κ rather than α for the vertical
axis. ∆λH1H1H1 =10, 20, 30, 50, and 100% contours are plotted with the dotted lines from
top to bottom. To emphasize how much the sphaleron decoupling condition is improved, the
vC/TC = 1 line is also displayed. For some representative points in the successful EWBG
region, we find the following:
• ∆λH1H1H1 ≃ 16% for κ ≃ 0.97 and 160 GeV <∼ mH2 <∼ 169 GeV.
• ∆λH1H1H1 ≃ 27% for κ ≃ 0.95, and 163 GeV <∼ mH2 <∼ 176 GeV.
• ∆λH1H1H1 ≃ 50% for κ ≃ 0.90, and 170 GeV <∼ mH2 <∼ 206 GeV.
It should be emphasized that the upper bound of mH2 in each case is enlarged to 172, 182,
and 227 GeV, respectively, if vC/TC > 1 is used as the sphaleron decoupling condition. On
the other hand, for a fixed mH2 with κ < 0.9, ∆λH1H1H1 gets reduced by up to about 8%
once we adopt vC/TC > 1.
Here, we comment on the Landau pole issue. As we have studied in this section, to satisfy
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the sphaleron decoupling condition the H-S mixing parameter (λHS) has to be greater than
certain values, which may hit the Landau pole below the grand unification scale (≃ 2× 1016
GeV). To examine this, we solve the renormalization group equations of λH,S,HS (for one-
loop β functions, see, i.e., Ref. [14]). We determine the cutoff (Λ) of the model by a scale at
which λH,S,HS(Λ) > 4pi occurs. In our explored parameter space, Λ cannot reach the grand
unification scale in the successful EWBG region. We obtain Λ <∼ 104 GeV in Case (i) and
Λ <∼ 1014 GeV in Case (ii).
Finally, our benchmark points are summarized in Table II. S1 and S2 have been already
discussed in this section. S3 and S4 are included as a reference. In S3, although the
strong first-order EWPT is possible, no significant deviations appear in the Higgs coupling
constants since α = 0. Such a specific case was pointed out in Ref. [15], and may be probed
by gravitational waves as discussed there. In S4, the H-S mixing parameter is µHS. Unlike
S1, α is not necessarily large in order to induce the strong first-order EWPT. However, λS
is so large that Λ cannot go beyond 10 TeV. The low Λ is the common feature of the one
H-S mixing parameter scenarios, as mentioned above.
VI. CONCLUSIONS AND DISCUSSION
We have reanalyzed the feasibility of the strong first-order EWPT in the rSM. The
sphaleron decoupling condition is improved by taking account of the one-loop corrections at
zero and nonzero temperatures. As explicitly shown in this paper, the sphaleron energy gets
lowered at high temperatures, and thus the sphaleron decoupling condition becomes more
severe. For moderate values of the model parameters, the sphaleron decoupling condition
is found to be vC/TC > (1.1− 1.2), which is 10−20% more stringent than the conventional
one.
We also investigated the impacts of the improved sphaleron decoupling condition on the
deviations of the Higgs coupling constants from the SM values. In a typical case, if the Higgs
couplings to the gauge bosons/fermions deviate from the SM values by about 3 (10)%, the
deviation of the triple Higgs boson coupling can be as large as about 16 (50)%, which is
about 4 (8)% larger than that based on the conventional criterion vC/TC > 1. It is also
found that the ranges of mH2 that are consistent with the successful sphaleron decoupling
get limited by certain amounts depending on the magnitude of κ. For κ ≃ 0.90, we observe
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S1 S2 S3 S4
H-S mixing parameters λHS λHS , µHS λHS , µHS µHS
PT type D B B B
mH2 [GeV] 500 170 148 500
α [degrees] 38 −20 0 20
vS [GeV] 200 90 100 200
µHS [GeV] 0.00 −80.00 −80.00 -310.72
µ′S [GeV] 0 −30 −30 0
λH 0.82 0.13 0.12 0.34
λS 1.83 0.23 0.06 1.96
λHS −2.35 1.08 0.80 0.00
κ 0.79 0.94 1.0 0.94
∆λH1H1H1 [%] −23.7 31.8 0.58 41.1
log10(Λ/GeV) 3.90 9.68 13.78 3.90
vC/TC
172.83
148.87 = 1.16
206.75
111.76 = 1.85
234.78
79.31 = 2.96
193.40
120.53 =1.60
vSC [GeV] 145.72 98.31 100.06 182.26
vsymSC [GeV] 0.00 222.33 436.99 135.40
E(TC) 1.92 1.89 1.91 1.84
ζsph(TC) 1.14 1.18 1.18 1.20
TABLE II. The benchmark points for the strong first-order EWPT. (λH , λS , λHS) are outputs in
S1–S3, and (λH , λS , µHS) are outputs in S4. µS = 0 is taken throughout our analysis. For details,
see the text. S1 is already disfavored by the LHC data and EW precision tests.
that the upper bound ofmH2 is reduced by about 20 GeV if the refined sphaleron decoupling
condition is used.
Apart from the α = 0 case, as in S3, significant deviations from the SM values show up
in the Higgs coupling constants if the EWPT is strongly first order. Such deviations can be
probed at the high-luminosity LHC [43] and the International Linear Collider [44].
Finally, we comment on some remaining issues. In order to reduce the theoretical uncer-
tainties in the sphaleron decoupling condition, we should include the subleading contribu-
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tions omitted here. For example, the translational and rotational zero-mode factors around
the sphaleron can have some effects, leading to the enhanced ζsph. In addition, TC has to be
replaced with TN in the sphaleron decoupling condition. Since some regions in the param-
eter space show a significantly large vC/TC , the corresponding supercooling can be sizable,
which delays the onset of the EWPT. If the EWPT mostly proceeds via bubble nucleation
rather than bubble expansion, the EWBG mechanism might not work. If this is the case,
we may obtain the upper bound of the size of vC/TC , which would further limit the feasible
regions.
In order to incorporate new CP violation, the current model has to be extended. As long
as new particles do not affect the EWPT significantly, the current analysis would be valid.
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